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Ãåîëîãè÷åñêàÿ ñðåäà ñ ìíîãîóðîâíåâîé èåðàðõè÷åñêîé ñòðóêòóðîé è ñâîéñòâàìè ïðî÷íîñòè òðåáóåò ðåãóëÿðíîãî 
èçó÷åíèÿ óñòîé÷èâîñòè åå ñîñòîÿíèÿ. Ñ ýòîé öåëüþ ðàçðàáîòàí íîâûé ìåòîä ìîäåëèðîâàíèÿ àêóñòè÷åñêîãî 
ìîíèòîðèíãà ïðîäîëüíûìè è ïîïåðå÷íûìè âîëíàìè ñëîèñòî-áëî÷íîé ñðåäû ñ íåñêîëüêèìè âêëþ÷åíèÿìè, 
èìåþùèìè ðàçëè÷íûå ôèçèêî-ìåõàíè÷åñêèå èåðàðõè÷åñêèå ñòðóêòóðû. Ðàçðàáàòûâàåòñÿ èòåðàöèîííûé ïðî-
öåññ ðåøåíèÿ ïðÿìîé çàäà÷è äëÿ ñëó÷àÿ àêóñòè÷åñêîãî ïîëÿ, ïðîíèêàþùåãî â òðè èåðàðõè÷åñêèõ âêëþ÷åíèÿ 
l-, m- è s-ãî ðàíãà íà îñíîâå èñïîëüçîâàíèÿ äâóìåðíûõ èíòåãðàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé. Ñòåïåíü 
èåðàðõèè âêëþ÷åíèé îïðåäåëÿåòñÿ çíà÷åíèÿìè èõ ðàíãîâ, êîòîðûå ìîãóò áûòü ðàçíûìè. Èåðàðõè÷åñêèå 
âêëþ÷åíèÿ ðàñïîëîæåíû â ðàçíûõ ñëîÿõ îäèí íàä äðóãèì: âåðõíèé ñëîé àíîìàëüíî ïëàñòè÷íûé, âòîðîé — 
àíîìàëüíî óïðóãèé, òðåòèé — àíîìàëüíî ïëîòíîñòíîé. Ñòåïåíü çàïîëíåíèÿ âêëþ÷åíèé êàæäîãî ðàíãà äëÿ 
âñåõ òðåõ èåðàðõè÷åñêèõ âêëþ÷åíèé ìîæåò áûòü ðàçíîé. Ðåçóëüòàòû ìîäåëèðîâàíèÿ ìîãóò èñïîëüçîâàòüñÿ äëÿ 
ìîíèòîðèíãà èññëåäîâàíèé óñòîé÷èâîñòè ãåîëîãè÷åñêèõ è ìåõàíè÷åñêèõ ñòðóêòóð ñëîæíîãî èåðàðõè÷åñêîãî 
ñòðîåíèÿ ïðè ðàçëè÷íûõ ìåõàíè÷åñêèõ âîçäåéñòâèÿõ.

Êëþ÷åâûå ñëîâà: ñëîæíàÿ èåðàðõè÷åñêàÿ ñðåäà, àêóñòè÷åñêîå ïîëå, èòåðàöèîííûé àëãîðèòì, èíòåãðàëüíî-
äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðÿìàÿ çàäà÷à.

Ââåäåíèå. Èäåÿ ìíîãîìàñøòàáíûõ ÿâëåíèé â 
òâåðäûõ òåëàõ ïðè èõ ïëàñòè÷åñêîé äåôîðìàöèè è 
ðàçðóøåíèè áûëà ñôîðìóëèðîâàíà â òîìñêîé øêîëå 
ôèçèêè òâåðäîãî òåëà êàê êîíöåïöèÿ ñòðóêòóðíûõ 
óðîâíåé äåôîðìàöèè òâåðäûõ òåë [1]. Ñòðóêòóðíûå 
óðîâíè äåôîðìàöèè îòíîñÿòñÿ ê êëàññó ìåçîñêîïè-
÷åñêèõ ìàñøòàáîâ. Íå âñåãäà îñîçíàåòñÿ, ÷òî ìåçî-
ñêîïè÷åñêèé ïîäõîä ÿâëÿåòñÿ ïðèíöèïèàëüíî íîâîé 
ïàðàäèãìîé, êà÷åñòâåííî îòëè÷íîé îò ìåòîäîëîãèè 
ìåõàíèêè ñïëîøíûõ ñðåä (ìàêðîìàñøòàáíûé ïîä-
õîä) è äèñëîêàöèîííîé òåîðèè (ìèêðîìàñøòàá-
íûé ïîäõîä). Ýêñïåðèìåíòàëüíûå è òåîðåòè÷å-
ñêèå èññëåäîâàíèÿ ìåçîñêîïè÷åñêèõ ñòðóêòóðíûõ 
óðîâíåé äåôîðìàöèè ïðèâåëè ê êà÷åñòâåííî íî-
âîé ìåòîäîëîãèè îïèñàíèÿ äåôîðìèðóåìîãî òåëà 
êàê ìíîãîóðîâíåâîé ñàìîñîãëàñîâàííîé ñèñòåìû. 
Ñôîðìèðîâàííûå íà ðàçíûõ óðîâíÿõ øêàëû äåç-
îðèåíòèðîâàííûå ïîäñòðóêòóðû ïðåäñòàâëÿþò ñî-
áîé êðóïíîìàñøòàáíûé èíâàðèàíò — îñíîâó äëÿ 
ïîñòðîåíèÿ ìíîãîóðîâíåâîé ìîäåëè äåôîðìèðóå-
ìîãî òâåðäîãî òåëà, â êîòîðîé ó÷èòûâàåòñÿ âñÿ èå-
ðàðõèÿ ìàñøòàáîâ ñòðóêòóðíûõ óðîâíåé äåôîðìà-
öèè. Â áëèæàéøèå äåñÿòèëåòèÿ ñëåäóåò ðàññìîòðåòü 
íàèáîëåå àêòóàëüíûå ðàáîòû â ñôåðå ôèçè÷åñêîé 
ìåçîìåõàíèêè: ïðèìåíåíèå ìåòîäîâ ôèçè÷åñêîé 
ìåçîìåõàíèêè ñòðóêòóðíî-íåîäíîðîäíûõ ñðåä ê 
ïðîáëåìàì ñîâðåìåííîãî ìàòåðèàëîâåäåíèÿ, â òîì 
÷èñëå íàíîìàòåðèàëîâ, òîíêèõ ïëåíîê è ìíîãîñëîé-
íûõ ñòðóêòóð; ïîâåðõíîñòíîå óïðî÷íåíèå, ïðèìåíå-

íèå óïðî÷íÿþùèõ è çàùèòíûõ ïîêðûòèé. Ïðè ïî-
ñòðîåíèè ìàòåìàòè÷åñêîé ìîäåëè ðåàëüíîãî îáúåêòà 
íåîáõîäèìî èñïîëüçîâàòü â êà÷åñòâå àïðèîðíîé 
èíôîðìàöèè àêòèâíûå è ïàññèâíûå äàííûå ìîíè-
òîðèíãà, ïîëó÷åííûå â õîäå òåêóùåé ðàáîòû îáú-
åêòà. Â ñòàòüÿõ [2, 3] àëãîðèòìû ìîäåëèðîâàíèÿ ïî-
ñòðîåíû â ýëåêòðîìàãíèòíîì ñëó÷àå äëÿ òðåõìåðíûõ 
íåîäíîðîäíîñòåé, â ñåéñìè÷åñêîì — äëÿ äâóìåð-
íûõ íåîäíîðîäíîñòåé ñ ïðîèçâîëüíûì òèïîì èñ-
òî÷íèêà âîçáóæäåíèÿ N-ñëîéíîé ñðåäû, â êîòîðîé 
èåðàðõè÷åñêîå óïðóãîå âêëþ÷åíèå ðàñïîëîæåíî â 
J-ì ñëîå. Ðàçðàáîòàí íîâûé 2D àëãîðèòì ìîäåëè-
ðîâàíèÿ äèôðàêöèè çâóêà íà óïðóãîì è ïîðèñòîì 
âëàãîíàñûùåííîì âêëþ÷åíèè èåðàðõè÷åñêîé ñòðóê-
òóðû, ðàñïîëîæåííîì â J-ì ñëîå óïðóãîé N-ñëîéíîé 
ñðåäû [4]. Ïîñòðîåíû àëãîðèòìû ìîäåëèðîâàíèÿ â 
àêóñòè÷åñêîì ñëó÷àå äëÿ äâóìåðíîé ãåòåðîãåííîñòè 
— ïðîèçâîëüíûé òèï èñòî÷íèêà âîçáóæäåíèÿ ñðå-
äû N-ñëîÿ ñ îòäåëüíîé èåðàðõè÷åñêîé àíîìàëüíîé 
ïëîòíîñòüþ, íàïðÿæåííûì è ïëàñòè÷åñêèì âêëþ-
÷åíèåì, ðàñïîëîæåííûì â J-ì ñëîå [5].

 Â äàííîé ñòàòüå ñ ïîìîùüþ ìåòîäà, îïèñàí-
íîãî â ïóáëèêàöèÿõ [6 —9], ïðåäñòàâëåí àëãîðèòì 
ìîäåëèðîâàíèÿ àêóñòè÷åñêîãî ïîëÿ (ïðîäîëüíîé 
àêóñòè÷åñêîé âîëíû è ïîïåðå÷íîé âîëíû) â âèäå 
èòåðàöèîííîãî ïðîöåññà ïðè ðåøåíèè ïðÿìîé çà-
äà÷è äëÿ  òðåõ èåðàðõè÷åñêèõ âêëþ÷åíèé (l-, m-, 
s-ðÿäû) ñ èñïîëüçîâàíèåì äâóìåðíûõ èíòåãðàëüíûõ 
è èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé. Ñòåïåíü 
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èåðàðõèè âêëþ÷åíèé îïðåäåëÿåòñÿ çíà÷åíèÿìè èõ 
ðàíãîâ, êîòîðûå ìîãóò áûòü ðàçíûìè. Èåðàðõè÷åñêèå 
âêëþ÷åíèÿ ðàñïîëîæåíû â ðàçíûõ ñëîÿõ äðóã íàä 
äðóãîì: âåðõíèé — àíîìàëüíî ïëàñòè÷íûé (â ñëîå
j –1), âòîðîé — àíîìàëüíî óïðóãèé (â ñëîå j), òðå-
òèé — àíîìàëüíî ïëîòíîñòíîé (â ñëîå j+1) (ðèñ. 1).

Àëãîðèòì ìîäåëèðîâàíèÿ äèôðàêöèè çâóêà íà 
äâó ìåðíîé N-ñëîéíî-áëî÷íîé ñðåäå ñ ñîñòàâíûìè èå-
ðàðõè÷åñêèìè âêëþ÷åíèÿìè. Â ðàáîòàõ [5, 6] îïèñàí 
àëãîðèòì ìîäåëèðîâàíèÿ äèôðàêöèè ïîïåðå÷íîé 
âîëíû íà äâóìåðíîì óïðóãîì èåðàðõè÷åñêîì âêëþ-
÷åíèè, ðàñïîëîæåííîì â J-ì ñëîå N-ñëîéíîé ñðåäû. 

( )0
, ,Sp jG M M  — ôóíêöèÿ èñòî÷íèêà ñåéñìè÷åñêî-

ãî ïîëÿ, êðàåâàÿ çàäà÷à êîòîðîé ñôîðìóëèðîâàíà â 
ïóáëèêàöèÿõ [7, 8]:

 ( )2 2
1 = ω σ λji ji jik ,  (1) 

ãäå k — âîëíîâîå ÷èñëî â óïðóãîé ñðåäå äëÿ ïðîäîëü-
íîé âîëíû, èíäåêñû ji îáîçíà÷àþò ñâîéñòâî ñðåäû 
âíóòðè íåîäíîðîäíîñòè; ja — ñâîéñòâî ñðåäû âíå íå-
îäíîðîäíîñòè; λ — ïîñòîÿííàÿ Ëàìå; σ — ïëîòíîñòü 
ñðåäû; ω — êðóãîâàÿ ÷àñòîòà; ji jaλ ≠ λ , ji jaσ ≠ σ ;

gradu = ϕ  — âåêòîð ñìåùåíèÿ; 0ϕ  — ïîòåíöèàë 
ñåéñìè÷åñêîãî ïîëÿ â ñëîèñòîé ñðåäå ïðè îòñóò-
ñòâèè íåîäíîðîäíîñòè: 0 0ϕ = ϕji ja . 0ϕl  — ïîòåíöèàë 
íîðìàëüíîãî ñåéñìè÷åñêîãî ïîëÿ â ñëîèñòîé ñðåäå 
ïðè îòñóòñòâèè íåîäíîðîäíîñòè ïðåäûäóùåãî ðàíãà 
l, åñëè l = 2 ... L, òî 0

1−ϕ = ϕl l , åñëè l  =  1, òî 0 0ϕ = ϕl , 
÷òî ñîâïàäàåò ñ ñîîòâåòñòâóþùèì âûðàæåíèåì [5]. 
Ïðåäïîëîæèì, ÷òî, ñîãëàñíî [9]:

 ( )( )2 2
1 1'= ω σ λ + λ ωjil jil jil jil jilk , (2)

ãäå 1ω ≠ ω jil  è 'λ ≠ λjil jil äëÿ âñåõ ðàíãîâ l, îïðåäå-
ëÿåìûõ âëèÿíèåì âíóòðåííåãî òðåíèÿ âî âêëþ÷åíèè 
ïî ìîäåëè Ôîõòà [10]. Òîãäà àêóñòè÷åñêîå çîíäè-
ðîâàíèå âòîðîãî èåðàðõè÷åñêîãî âêëþ÷åíèÿ áóäåò 
ïðîèñõîäèòü ëèáî íà äâóõ íåçàâèñèìûõ ÷àñòîòàõ, 
ëèáî â îïðåäåëåííîì èíòåðâàëå ÷àñòîò ìåæäó ω è 

1ω jil ñ ñîâìåñòíûì ýôôåêòîì óïðóãèõ ïàðàìåòðîâ 
ïåðâîãî âêëþ÷åíèÿ: 1λ ji  è 1'λ jil . Ýòè ñâîéñòâà áóäóò 
îòðàæåíû äàëåå â âîçáóæäåíèè âòîðîãî è òðåòüåãî 
èåðàðõè÷åñêèõ âêëþ÷åíèé è çàòåì ïðè ïåðåõîäå îò 
îäíîãî èåðàðõè÷åñêîãî óðîâíÿ ê äðóãîìó. Ïóñòü çíà-
÷åíèÿ ðàíãà äëÿ âñåõ èåðàðõè÷åñêèõ âêëþ÷åíèé ðàâ-
íû: l = m  =  s = 1, òîãäà ñèñòåìà óðàâíåíèé, îïèñû-
âàþùàÿ ðàñïðîñòðàíåíèå ïðîäîëüíîé àêóñòè÷åñêîé 
âîëíû â ïåðâîì âêëþ÷åíèè, ìîæíî çàïèñàòü òàê:
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 0 ∈ jM П . (4)

Âû÷èñëèì ( )0ϕl M , 0 ∈ jM П  â ñëîå, ãäå âòîðîå 
èåðàðõè÷åñêîå óïðóãîå âêëþ÷åíèå ðàñïîëîæåíî ñ 
èñïîëüçîâàíèåì âûðàæåíèÿ (4). Òîãäà ïîòåíöèàë 
íîðìàëüíîãî àêóñòè÷åñêîãî ïîëÿ äëÿ âòîðîãî âêëþ-
÷åíèÿ çàïèñûâàåòñÿ â âèäå ( ) ( )0 0 0

1−ϕ = ϕm lM M , 
0 ∈ jM П , è ñèñòåìà óðàâíåíèé äëÿ âòîðîãî óïðó-

ãîãî èåðàðõè÷åñêîãî âêëþ÷åíèÿ ðàíãà m = 1 èìååò 
âèä, ñîãëàñíî [5, 6]:

Ðèñ. 1. Ñõåìà ñîñòàâíûõ àíîìàëüíî ïëàñòè÷åñêèõ (âåðõíèõ), 
àíîìàëüíî óïðóãèõ (ñðåäíèõ) è àíîìàëüíî ïëîòíîñòíûõ (íèç-
êèõ) íåîäíîðîäíîñòåé èåðàðõè÷åñêîãî òèïà, ðàñïîëîæåííûõ 
â óïðóãîé N-ñëîéíîé ñðåäå

Fig. 1. Scheme of compound anomalous plastic (upper), ano-
ma lously elastic (medium) and anomalously density (low) he-
te rogeneities of a hierarchical type located in an elastic N-layer 
medium
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ja jim m
m Sp j m

C

M G dc M
nM

,

 0
2∉ CmM S ; (5)

( ) ( ) ( )( )
( ) ( ) ( )

2

2 2
1 1 1 1 1

, 10 2

+ + +
+

σ −
ϕ ×

σ π ∫∫
Cm

j im j im j
m Sp j

S

k k
M G

M

( ) ( ) ( ) ( )( )
( )

1 10 0 0
1 0

,
2

+ +
−

σ −σ
× τ + ϕ − ×

σ π

j a j im
M mM M d M

M

( ) ( )
2

0
, 1+

∂ϕ
× = ϕ

∂∫
m

m
mSp j

C

G dc M
n

,

 0
2∉ CmM S , 1+∈ jП . (6)

Âû÷èñëèì ( )0ϕm M , 0
2∉ CmM S , 1+∈ jП , â ñëîå, 

ãäå ðàçìåùåíà òðåòüÿ èåðàðõè÷åñêàÿ àíîìàëèÿ ïëîò-
íîñòè ñ èñïîëüçîâàíèåì âûðàæåíèÿ (6). Òîãäà íîð-
ìàëüíûé ïîòåíöèàë àêóñòè÷åñêîãî ïîëÿ áóäåò èìåòü 
âèä: ( ) ( )0 0 0

1−ϕ = ϕs mM M , 0
1+∈ jM П .

( ) ( )( )
( ) ( ) ( )

3

2 2
1 1 1 1 0

, 1 ,
2

+ +
+

−
ϕ τ +

π ∫∫
Cs

j is j
s MSp j

S

k k
M G M M d

( )

( )
( ) ( ) ( )( )

( )

1 11 0 0
1

1 1 2
+ ++

−
+ +

σ −σσ
+ ϕ − ×
σ σ π

j a j isj a
s

j is j is
M

( ) ( )
3

0
, 1+

∂ϕ
× = ϕ

∂∫
s

s
sSp j

C

G dc M
n

, 0
3∈ CsM S ;

( ) ( ) ( )( )
( )
2 2

1 1 1 1 1

0 2

+ + +σ −
×

σ π

j is j is jk k

M

( ) ( ) ( ) ( )
3

0 0 0
1, 1 ,

Cs

s M sSp j
S

M G M M d M−+× ϕ τ + ϕ −∫∫

( ) ( )( )
( ) ( ) ( )

3

1 1 0
, 10 2

s

j a j is s
sSp j

C

G dc M
nM

+ +
+

σ −σ ∂ϕ
− = ϕ

∂σ π ∫ ,

  0
3 1+∉ ∈Cs jM S П . (7)

Óïðóãèå ïàðàìåòðû òðåòüåãî èåðàðõè÷åñêîãî 
âêëþ÷åíèÿ äëÿ âñåõ ðàíãîâ s è âìåùàþùåãî ñëîÿ 
èäåíòè÷íû, à ïëîòíîñòü èåðàðõè÷åñêîãî âêëþ÷åíèÿ 
äëÿ âñåõ ðàíãîâ îòëè÷àåòñÿ îò ïëîòíîñòè âìåùàþ-
ùåé ñðåäû. Òîãäà ñèñòåìà óðàâíåíèé äëÿ òðåòüåãî 
èåðàðõè÷åñêîãî âêëþ÷åíèÿ ðàíãà s = 1 èìååò âèä, 
ñîãëàñíî [5], âûðàæåíèé (7): ( ) ( )0

, 1 ,+Sp jG M M  — 
ôóíêöèÿ èñòî÷íèêà ñåéñìè÷åñêîãî ïîëÿ, îíà ñîâïà-
äàåò ñ ôóíêöèåé [7, 8]; ( ) ( ) ( )( )2 2

1 11 1 + ++ = ω σ λj is j isj isk ;

( ) ( )1 1+ +λ = λj is j a ; k — âîëíîâîå ÷èñëî äëÿ ïðîäîëü-
íîé âîëíû, ïàðàìåòðû óïðóãîñòè äëÿ âñåõ s; èíäåêñ 
ji — ñâîéñòâî ñðåäû âíóòðè íåîäíîðîäíîñòè; ja — 
âíå íåîäíîðîäíîñòè; s = 1 ... S — íîìåð èåðàðõè÷å-
ñêîãî óðîâíÿ, ( ) ( )0 0 0

1−ϕ = ϕs mM M , 0
1+∈ jM П , — 

ïîòåíöèàë íîðìàëüíîãî àêóñòè÷åñêîãî ïîëÿ â ñëîå 
j +1 ïðè îòñóòñòâèè òðåòüåé íåîäíîðîäíîñòè ïðåæ-
íåãî ðàíãà. Âû÷èñëèì ( )0ϕs M , 0

3 1−∉ ∈Cs jM S П , â 
ñëîå j –1 ñ ïîìîùüþ âûðàæåíèÿ

( ) ( ) ( )( )
( )
2 2

1 1 1 1 1

0 2

− − −σ −
×

σ π

j is j is jk k

M

( ) ( ) ( ) ( )
3

0 0 0
1, 1 , −−× ϕ τ + ϕ −∫∫

Cs

s M sSp j
S

M G M M d M

( ) ( )( )
( ) ( ) ( )1 1 0

, 10 2

− −
−

σ −σ ∂ϕ
− = ϕ

∂σ π ∫
s

j a j is s
sSp j

C

G dc M
nM

, 

 0
3 1−∉ ∈Cs jM S П . (8)

Âåëè÷èíû L, M è S èìåþò ìàêñèìàëüíûå çíà-
÷åíèÿ ðàíãîâ èåðàðõèè äëÿ òðåõ âêëþ÷åíèé. Çäåñü 
L = 3, M = 3, S = 4; l = l+1; m = m+1; s = s+1.  Åñëè l<3 
èëè l = 3 

 ( ) ( )0 0 0
1 1− −ϕ = ϕl sM M , 0

1−∈ jM П , (8′)

îáðàòèìñÿ ê àëãîðèòìó (3) è (8). Åñëè l >3 è m = 2, 
òî âû÷èñëÿåì â ñëîå j ( )0ϕs M , 0

3∉ ∈Cs jM S П , èñ-
ïîëüçóÿ ñëåäóþùåå âûðàæåíèå:

( )
( ) ( ) ( )

3

2 2
1 1 0

,0
,

2

σ −
ϕ τ +

σ π ∫∫
Cs

jis jis j
s Sp j M

S

k k
M G M M d

M

( ) ( )
( )

0 0
1 ,( )0 2
−

σ −σ ∂ϕ
+ϕ − =

∂σ π ∫
s

ja jis s
s Sp j

C

M G dc
nM

 ( )0= ϕs M , 0
3∉ ∈Cs jM S П . (9)

Åñëè m = 3, ( ) ( )0 0 0
1 1− −ϕ = ϕm sM M , 0 ∈ jM П , 

ïåðåéäåì ê àëãîðèòìó (5)—(8). Åñëè m>3 è s <4 èëè 
s = 4, ( ) ( )0 0 0

1 1− −ϕ = ϕs sM M , 0
1+∈ jM П , òî ïåðåõî-

äèì ê àëãîðèòìó (7)—(8). Åñëè s>4, çàïèøåì
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( )
( ) ( ) ( )

3

2 2
1 1 0

,0
,

2

σ −
ϕ τ +

σ π ∫∫
Cs

jis jis j
s Sp j M

S

k k
M G M M d

M

( ) ( )
( ) ( )0 0 0

1 ,0 2
−

σ −σ ∂ϕ
+ϕ − = ϕ

∂σ π ∫
s

ja jis s
s Sp j s

C

M G dc M
nM

,

 0
3∉ ∈Cs jM S П . (10)

Âû÷èñëèì ( )0ϕs M , 0
3∉ ∈Cs jM S П  âî âñåõ ñëî-

ÿõ j = 1, ... N, èñïîëüçîâàâ âûðàæåíèå (10). Àëãîðèòì 
îñòàíàâëèâàåòñÿ, åñëè ðÿäû èåðàðõèè ñòàíîâÿòñÿ 
áîëüøå çàäàííûõ ÷èñåë (8'). Åñëè íà íåêîòîðîì 
èåðàðõè÷åñêîì óðîâíå ñòðóêòóðà ëîêàëüíîé íå-
îäíîðîäíîñòè ðàñïàäàåòñÿ íà íåñêîëüêî íåîäíî-
ðîäíîñòåé, òî äâîéíûå è êîíòóðíûå èíòåãðàëû â 
âûðàæåíèÿõ (3)—(10) áåðóòñÿ ïî âñåì íåîäíîðîä-
íîñòÿì äàííîãî ðàíãà.

Àëãîðèòì ìîäåëèðîâàíèÿ äèôðàêöèè ïîïåðå÷íîé 
âîëíû íà äâóìåðíîé N-ñëîéíî-áëî÷íîé ñðåäå ñ ñî-
ñòàâíûìè èåðàðõè÷åñêèìè âêëþ÷åíèÿìè. Â ðàáîòàõ 
[5, 6] îïèñàí àëãîðèòì ìîäåëèðîâàíèÿ äèôðàêöèè 
ïîïåðå÷íîé âîëíû íà äâóìåðíîì óïðóãîì èåðàð-
õè÷åñêîì âêëþ÷åíèè, ðàñïîëîæåííîì â J-ñëîå 
N-ñëîéíîé ñðåäû. ( )0

, ,Ss jG M M  — ôóíêöèÿ èñ-
òî÷íèêà ñåéñìè÷åñêîãî ïîëÿ, êðàåâàÿ çàäà÷à êîòî-
ðîé ñôîðìóëèðîâàíà â ðàáîòàõ [7, 8]:

 ( )2 2
2 jil jil jilk = ω σ μ . (11)

 Ýòî âîëíîâîå ÷èñëî â óïðóãîé ñðåäå äëÿ ïðîäîëü-
íîé âîëíû; 2'μ = μ +μ ωjil jil jil jil ; ji — ñâîéñòâî ñðå-
äû âíóòðè íåîäíîðîäíîñòè; ja — ñâîéñòâî ñðåäû 
âíå íåîäíîðîäíîñòè; μ — ïîñòîÿííàÿ Ëàìå; σ — 
ïëîòíîñòü ñðåäû; ω — êðóãîâàÿ ÷àñòîòà, μ ≠ μji ja ,
σ ≠ σji ja , gradu = ϕ  — âåêòîð ñìåùåíèÿ; 0

xlu  — ñî-
ñòàâëÿþùàÿ ñåéñìè÷åñêîãî ïîëÿ â ñëîèñòîé ñðåäå 
ïðè îòñóòñòâèè íåîäíîðîäíîñòè: 0 0=xji xjau u 0

xlu  — 
ñîñòàâëÿþùàÿ íîðìàëüíîãî ñåéñìè÷åñêîãî ïîëÿ 
â ñëîèñòîé ñðåäå ïðè îòñóòñòâèè íåîäíîðîäíîñòè 
ïðåäûäóùåãî ðàíãà l; åñëè l = 2 ... L, òî ( )

0
1−=xl x lu u , 

åñëè l = 1, òî 0 0=xl xu u , ÷òî ñîâïàäàåò ñ ñîîòâåòñòâóþ-
ùèì âûðàæåíèåì [5].

Ïðåäïîëîæèì [9], ÷òî

 ( )( )2 2
2 2'= ω σ μ +μ ωjil jil jil jil jilk , (12)

ãäå 2ω ≠ ω jil  è 'μ ≠ μjil jil äëÿ âñåõ ðàíãîâ l, îïðåäå-
ëÿåìûõ âëèÿíèåì âíóòðåííåãî òðåíèÿ ïðè âêëþ-
÷åíèè ïî ìîäåëè Ôîõòà [10]. Òîãäà àêóñòè÷åñêîå 
çîíäèðîâàíèå âòîðîãî èåðàðõè÷åñêîãî âêëþ÷åíèÿ 
áóäåò ïðîèñõîäèòü ëèáî íà äâóõ íåçàâèñèìûõ ÷àñòî-
òàõ, ëèáî â îïðåäåëåííîì èíòåðâàëå ÷àñòîò ìåæäó ω 
è 2ω jil ñ ñîâìåñòíûì ýôôåêòîì óïðóãèõ ïàðàìåòðîâ 
ïåðâîãî âêëþ÷åíèÿ: 1μ ji  è 1'μ jil . Ýòè ñâîéñòâà áóäóò 
îòðàæåíû äàëåå â âîçáóæäåíèè âòîðîãî è òðåòüåãî 

èåðàðõè÷åñêèõ âêëþ÷åíèé è çàòåì ïðè ïåðåõîäå îò 
îäíîãî èåðàðõè÷åñêîãî óðîâíÿ ê äðóãîìó. Ïóñòü 
çíà÷åíèÿ ðàíãà äëÿ âñåõ èåðàðõè÷åñêèõ âêëþ÷åíèé 
ðàâíû: l = m = s = 1, òîãäà ñèñòåìó óðàâíåíèé, îïèñû-
âàþùóþ ðàñïðîñòðàíåíèå ïîïåðå÷íîé àêóñòè÷åñêîé 
âîëíû â ïåðâîì âêëþ÷åíèè, çàïèøåì â âèäå

( ) ( )( )
( ) ( ) ( )

1

2 2
2 1 2 1 0

, 1 ,
2

Cl

j il j
xl MSs j

S

k k
u M G M M d

− −
−

−
× τ +

π ∫∫

( )

( ) ( ) ( )1 0 0
1

1

−
−

−

μ
+ +
μ

j a
x l

j il
u M

( ) ( )( )
( )

( ) ( ) ( )
1

1 1 , 1 0

1 2
− − −

−

μ −μ ∂
+ =

μ π ∂∫
l

j a j il ss j
xl xl

j il C

G
u M dc u M

n
,

0
1∈ ClM S ;

( ) ( ) ( )( )
( )
2 2

1 2 1 2 1

0 2

− − −μ −
×

μ π

j il j il jk k

M

( ) ( ) ( ) ( ) ( )
1

0 0 0
, 1 1,− −× τ + +∫∫

Cl

xl MSs j x l
S

u M G M M d u M

( ) ( )( )
( ) ( ) ( ) ( )

1

1 1 , 1 0
0 2

l

j a j il ss j
xl xl

C

G
u M dc u M

nM

− − −μ −μ ∂
+ =

∂μ π ∫ ,

 0
1∉ ClM S ; (13)

( )
( ) ( )

1

2 2
2 2 0

,0 ,
( )2

μ −
τ +

μ π ∫∫
Cl

jil jil j
xl Ss j M

S

k k
u M G M M d

M

( ) ( )
( ) ( )

1

,0 0
( 1) 0 2
−

μ −μ ∂
+ + =

∂μ π ∫
l

ja jil ss j
x l xl

C

G
u M u M dc

nM

 ( )0= xlu M , 0 ∈ jM П . (14)

Âû÷èñëèì ( )0
xlu M , 0 ∈ jM П , â ñëîå, ãäå ðàñ-

ïîëîæåíî âòîðîå èåðàðõè÷åñêîå óïðóãîå âêëþ-
÷åíèå, èñïîëüçîâàâ âûðàæåíèå (14). Ñîñòàâëÿþ-
ùóþ íîðìàëüíîãî àêóñòè÷åñêîãî ïîëÿ äëÿ âòîðîãî 
âêëþ÷åíèÿ çàïèøåì â âèäå ( ) ( )0 0 0

( 1)− =x m xlu M u M , 
0 ∈ jM П . Ñèñòåìà óðàâíåíèé äëÿ âòîðîãî óïðóãîãî 

èåðàðõè÷åñêîãî âêëþ÷åíèÿ ðàíãà m = 1 èìååò òàêîé 
âèä, ñîãëàñíî [5, 6]:

( )
( ) ( )

2

2 2
2 2 0

, ,
2

−
τ +

π ∫∫
Cm

jim j
xm Ss j M

S

k k
u M G M M d

( ) ( )
2

,0 0
( 1) 2−

μ −μμ ∂
+ + =
μ μ π ∂∫

m

ja jimja Ss j
x m xm

jim jim C

G
u M u dc

n

( )0= xmu M , 0
2∈ CmM S ;
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( )
( ) ( ) ( )

2

2 2
2 2 0

,0
,

2

μ −
τ +

μ π ∫∫
Cm

jim jim j
xm Ss j M

S

k k
u M G M M d

M

( ) ( )
( )

2

,0 0
( 1) 0 2

−
μ −μ ∂

+ + =
∂μ π ∫

m

ja jim Ss j
x m xm

C

G
u M u dc

nM

 ( )0
xmu M , 0

2∉ CmM S ; (15)

( ) ( ) ( )( )
( )
2 2

1 2 1 2 1

0 2

+ + +μ −
×

μ π

j im j im jk k

M

( ) ( ) ( ) ( ) ( )
2

0 0 0
, 1 1,+ −× τ + +∫∫

Cm

xm MSs j x m
S

u M G M M d u M

( ) ( )( )
( ) ( )

( )

2

1 1 , 1
, 10 2

+ + +
+

μ −μ ∂
+ =

∂μ π ∫
m

j a j im Ss j
xm Ss j

C

G
u G dc

nM

 ( )0= xmu M , 0
2∉ CmM S , 1+∈ jП . (16)

Âû÷èñëèì ( )0
xmu M , 0

2∉ CmM S , 1+∈ jП , â ñëîå, 
ãäå ðàñïîëîæåíà òðåòüÿ èåðàðõè÷åñêàÿ íåîäíîðîä-
íîñòü ñ àíîìàëüíîé ïëîòíîñòüþ, èñïîëüçîâàâ âû-
ðàæåíèå (16). Ñîñòàâëÿþùàÿ íîðìàëüíîãî àêóñòè÷å-
ñêîãî ïîëÿ áóäåò èìåòü âèä: ( ) ( )0 0 0

( 1)− =x s xmu M u M ,
0

1+∈ jM П .
Óïðóãèå ïàðàìåòðû òðåòüåãî èåðàðõè÷åñêîãî 

âêëþ÷åíèÿ äëÿ âñåõ ðàíãîâ s è âìåùàþùåãî ñëîÿ 
èäåíòè÷íû, à ïëîòíîñòü èåðàðõè÷åñêîãî âêëþ÷åíèÿ 
äëÿ âñåõ ðàíãîâ îòëè÷àåòñÿ îò ïëîòíîñòè âìåùàþ-
ùåé ñðåäû. Òîãäà ñèñòåìà óðàâíåíèé äëÿ òðåòüåãî 
èåðàðõè÷åñêîãî âêëþ÷åíèå ðàíãà s = 1 èìååò ñëå-
äóþùèé âèä [5]:

( ) ( )( )
( ) ( ) ( )

3

2 2
2 1 2 1 0

, 1 ,
2

+ +
+

−
τ +

π ∫∫
Cs

j im j
xs MSs j

S

k k
u M G M M d

( ) ( ) ( )0 0 0
1−+ = xsx su M u M , 0

3∈ CsM S ;

( ) ( ) ( )( )
( ) ( ) ( )

3

2 2
1 2 1 2 1 0

,0
,

2
Cs

j im j im j
xs Ss j M

S

k k
u M G M M d

M

+ + +μ −
τ +

μ π ∫∫

 ( ) ( ) ( )0 0 0
1−+ = xsx su M u M , 0

3∉ CsM S . (17)

Çäåñü ( )( )0, 1 ,Ss jG M M+  — ôóíêöèÿ èñòî÷íèêà ñåé ñ  - 
ìè÷åñêîãî ïîëÿ, îíà ñîâïàäàåò ñ ôóíêöèåé â 
ðàáî òàõ [7, 8]; ( ) ( ) ( )( )2 2

1 12 1 + ++ = ω σ μj is j isj isk ; 

( ) ( )1 1+ +μ = μj is j a  — ñ âîëíîâûì ÷èñëîì äëÿ ïîïå-
ðå÷íîé âîëíû è ïàðàìåòðàìè óïðóãîñòè äëÿ âñåõ s; 
èí äåêñ ji — ñâîéñòâî ñðåäà âíóòðè íåîäíîðîäíîñòè, 
ja — âíå íåîäíîðîäíîñòè, s = 1 ... S — ÷èñëî èåðàðõè-
÷åñêîãî óðîâíÿ, ( ) ( )0 0 0

( 1)− =x s xmu M u M , 0
1+∈ jM П ,

— ñîñòàâëÿþùàÿ íîðìàëüíîãî àêóñòè÷åñêîãî ïîëÿ 
â ñëîå j+1 ïðè îòñóòñòâèè òðåòüåé íåîäíîðîä-
íîñòè ïðåäûäóùåãî ðàíãà. Âû÷èñëèì ( )0

xsu M , 
0

3 1−∉ ∈Cs jM S П  â ñëîå j‒1:

( ) ( ) ( )( )
( )
2 2

1 2 1 2 1

0 2

− − −μ −
×

μ π

j is j is jk k

M

( ) ( ) ( ) ( ) ( )
1

0 0 0
, 1 1,− −× τ + =∫∫

Cl

xs MSs j x s
S

u M G M M d u M

 ( )0= xsu M , 0
( 1)−∈ jM П . (18)

Âåëè÷èíû L, M è S èìåþò ìàêñèìàëüíûå çíà-
÷åíèÿ ðàíãîâ èåðàðõèè äëÿ òðåõ âêëþ÷åíèé: 

 L = 3, M = 3, S = 4; (18')

l = l +1; m = m+1; s = s +1. Åñëè l <3 èëè l = 3, 

( ) ( ) ( )0 0 0
( 1)1 −− = x sx lu M u M , 0

3∉ CsM S , 0
1−∈ jM П , 

îáðàòèìñÿ ê àëãîðèòìó (13)—(18). Åñëè l >3 è m = 2, 
âû÷èñëÿåì â ñëîå j, ( )0

xsu M , 0
3∉ ∈Cs jM S П :

( )
( ) ( ) ( )

3

2 2
2 2 0

,0
,

2

μ −
τ +

μ π ∫∫
Cs

jis jis j
xs Ss j M

S

k k
u M G M M d

M

 ( ) ( )0 0 0
( 1)−+ =x s xsu M u M , 0

3∉ ∈Cs jM S П ; (19)

( ) ( )0 0 0
( 1) ( 1)− −=x m x su M u M , 0 ∈ jM П .

Ïåðåéäåì ê àëãîðèòìó (15)—(18), åñëè m = 3, 

( ) ( )0 0 0
( 1) ( 1)− −=x m x su M u M , 0 ∈ jM П . Åñëè m>3 è 

s <4 èëè s = 4, ( ) ( )0 0 0
( 1) ( 1)− −=x s x su M u M , 0

1+∈ jM П ,
ïåðåõîäèì ê âûðàæåíèÿì (17), (18).

Åñëè s>4, òî

( )
( ) ( ) ( )

3

2 2
2 2 0

,0
,

2

μ −
τ +

μ π ∫∫
Cs

jis jis j
xs Ss j M

S

k k
u M G M M d

M

 ( ) ( )0 0 0
( 1)−+ =x s xsu M u M , 0

3∉ ∈Cs jM S П . (20)

Âû÷èñëèì ( )0
xsu M , 0

3∉ ∈Cs jM S П  âî âñåõ ñëî-
ÿõ j = 1, ... N, èñïîëüçîâàâ âûðàæåíèå (20). Àëãîðèòì 
îñòàíàâëèâàåòñÿ, åñëè ðàíãè èåðàðõèè ñòàíîâÿòñÿ 
áîëüøå çàäàííûõ ÷èñåë (18'). Åñëè íà íåêîòîðîì 
èåðàðõè÷åñêîì óðîâíå ñòðóêòóðà ëîêàëüíîé íåîäíî-
ðîäíîñòè ðàñïàäàåòñÿ íà íåñêîëüêî íåîäíîðîäíî-
ñòåé, òî äâîéíûå è êîíòóðíûå èíòåãðàëû â âûðàæå-
íèÿõ (13)—(20) áåðóòñÿ ïî âñåì íåîäíîðîäíîñòÿì 
äàííîãî ðàíãà.

Âûâîäû. Èòåðàöèîííûå àëãîðèòìû ìîäåëèðîâà-
íèÿ ñòðîÿòñÿ â ñåéñìè÷åñêîì ñëó÷àå â àêóñòè÷åñêîì 
ïðèáëèæåíèè äëÿ ñëîæíîé èåðàðõè÷åñêîé íåîäíî-
ðîäíîñòè. Âïåðâûå ïðåäëîæåííûé èòåðàöèîííûé 
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àëãîðèòì äëÿ ìîäåëèðîâàíèÿ èåðàðõè÷åñêè ñëîæíîé 
ñðåäû ìîæåò èñïîëüçîâàòüñÿ äëÿ ìîíèòîðèíãà èñ-
ñëåäîâàíèé óñòîé÷èâîñòè ñëîæíûõ èåðàðõè÷åñêèõ 
ñòðóêòóð ïðè ðàçëè÷íûõ ìåõàíè÷åñêèõ âîçäåéñòâè-
ÿõ. Ýòîò àëãîðèòì ìîæåò áûòü ðàñïðîñòðàíåí íà 
áîëåå ñëîæíûå ìíîãîðàíãîâûå èåðàðõè÷åñêèå ñðåäû 
ñ ðàçëè÷íûìè ôèçèêî-ìåõàíè÷åñêèìè ôóíêöèÿìè. 

Ñëåäóþùàÿ ñòàòüÿ áóäåò ïîñâÿùåíà àíàëèçó ðàñ-
ïðîñòðàíåíèÿ íåëèíåéíûõ àêóñòè÷åñêèõ âîëí ÷åðåç 
ìàòåðèàëû, ñîäåðæàùèå èåðàðõè÷åñêèå ñòðóêòóðû 
ñ ðàçëè÷íûìè ôèçèêî-ìåõàíè÷åñêèìè ñâîéñòâàìè.
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Ãåîëîã³÷íå ñåðåäîâèùå ç áàãàòîð³âíåâîþ ³ºðàðõ³÷íîþ ñòðóêòóðîþ ³ âëàñòèâîñòÿìè ì³öíîñò³ ïîòðåáóº ðå-
ãóëÿðíîãî âèâ÷åííÿ ñò³éêîñò³ ¿¿ ñòàíó. Ç ö³ºþ ìåòîþ ðîçðîáëåíî íîâèé ìåòîä ìîäåëþâàííÿ àêóñòè÷íîãî 
ìîí³òîðèíãó ïîçäîâæí³ìè ³ ïîïåðå÷íèìè õâèëÿìè øàðóâàòî-áëîêîâîãî ñåðåäîâèùà ç ê³ëüêîìà âêëþ÷åííÿìè 
ð³çíèõ ô³çèêî-ìåõàí³÷íèõ ³ºðàðõ³÷íèõ ñòðóêòóð. Ðîçðîáëåíî ³òåðàö³éíèé ïðîöåñ ðîçâ'ÿçàííÿ ïðÿìî¿ çàäà÷³ äëÿ 
âèïàäêó àêóñòè÷íîãî ïîëÿ, ùî ïðîíèêàº â òðè ³ºðàðõ³÷í³ âêëþ÷åííÿ l-, m- ³ s-ãî ðàíãó íà îñíîâ³ âèêîðèñòàí-
íÿ äâîâèì³ðíèõ ³íòåãðàëüíî-äèôåðåíö³àëüíèõ ð³âíÿíü. Ñòóï³íü ³ºðàðõ³¿ âêëþ÷åíü âèçíà÷àºòüñÿ çíà÷åííÿìè 
¿õ ðàíã³â, ÿê³ ìîæóòü áóòè ð³çíèìè. ²ºðàðõ³÷í³ âêëþ÷åííÿ ðîçòàøîâàí³ â ð³çíèõ øàðàõ îäèí ïîâåðõ ³íøîãî: 
âåðõí³é øàð àíîìàëüíî ïëàñòè÷íèé, äðóãèé — àíîìàëüíî ïðóæíèé, à òðåò³é — àíîìàëüíî ãóñòèííèé. Ñòóï³íü 
çàïîâíåííÿ âêëþ÷åíü êîæíîãî ðàíãó äëÿ âñ³õ òðüîõ ³ºðàðõ³÷íèõ âêëþ÷åíü ìîæå áóòè ð³çíèé. Ðåçóëüòàòè ìî-
äåëþâàííÿ ìîæíà âèêîðèñòîâóâàòè äëÿ ìîí³òîðèíãó äîñë³äæåíü ñò³éêîñò³ ãåîëîã³÷íèõ ³ ìåõàí³÷íèõ ñòðóêòóð 
ñêëàäíî¿ ³ºðàðõ³÷íî¿ áóäîâè çà ð³çíèõ ìåõàí³÷íèõ âïëèâ³â.

Êëþ÷îâ³ ñëîâà: ñêëàäíå ³ºðàðõ³÷íå ñåðåäîâèùå, àêóñòè÷íå ïîëå, ³òåðàö³éíèé àëãîðèòì, ³íòåãðàëüíî-äè ôå ðåí-
ö³àëüí³ ð³âíÿííÿ ³ ïðÿìà çàäà÷à.
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ALGORITHM OF MODELING ACOUSTIC WAVES DISTRIBUTED IN A LAYER-BLOCK MEDIUM WITH 
COMPOSITE HIERARCHICAL INCLUSIONS

O.A. Khachai 1, A.Yu. Khachai 2, O.Yu. Khachai 2

1Institute of Geophysics. Yu.P. Bulashevich UB RAS, Amundsen str., 100, 620016, Ekaterinburg, Russian Federation, 
olgakhachay@yandex.ru
2Ural Federal University. B.N. Yeltsin, Mira, 19, 620002, Yekaterinburg str., Russian Federation, andrey.khachay@
gmail.com, khachay@yandex.ru

Purpose. A geological environment with a multilevel hierarchical structure and strength properties requires regular 
study of the stability of its state. For this purpose, a new method was developed for modeling acoustic monitoring by 
longitudinal and transverse waves of a layered-block medium with several inclusions with different physico-mechanical 
hierarchical structures.
Method of research. An iterative process of solving a direct problem is developed for the case of an acoustic field 
penetrating into three hierarchical inclusions of l, m and s-th rank based on the use of two-dimensional integral-
differential equations. The degree of inclusion hierarchy is determined by the values   of their ranks, which can be different.
Results. Hierarchical inclusions are located in different layers one on top of the other: the top layer is anomalously 
plastic, the second is anomalously resilient, and the third is anomalously dense. The degree of filling of inclusions of 
each rank for all three hierarchical inclusions can be different.
Usage. The simulation results can be used for monitor studies of geological and mechanical structures stability of a 
complex hierarchical structure under various mechanical influences.

Keywords: complex hierarchical environment, acoustic field, iterative algorithm, integral-differential equations and 
direct problem.
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